The one-particle three-dimensional Dirac equation with spherical symmetry is solved for the Hulthén potential. The s-wave relativistic energy spectrum and two-component spinor wavefunctions are obtained analytically. Conforming to the standard feature of the relativistic problem, the solution space splits into two distinct subspaces depending on the sign of a fundamental parameter in the problem. Unique and interesting properties of the energy spectrum are pointed out and illustrated graphically for several values of the physical parameters. The square integrable two-component wavefunctions are written in terms of the Jacobi polynomials. The nonrelativistic limit reproduces the well-known nonrelativistic energy spectrum and results in Schrödinger equation with a "generalized" three-parameter Hulthén potential, which is the sum of the original Hulthén potential and its square.
I. INTRODUCTION
The Hulthén potential [1] is of considerable significance to various applications in many areas of physics. This includes applications in nuclear and particle physics, atomic physics, condensed matter, and chemical physics. One may consult, for example, the literature cited in the papers of Ref. [2] . For spherically symmetric interaction, this potential has the general form , showing clearly the screening effect. The nonrelativistic Hulthén problem has a closed form analytic solution only for s-wave ( 0 = ) [3] . Several by Talukdar et al. [9] . On the other hand, only very few articles were written on the Dirac equation with the Hulthén potential. Roy and Roychoudhury used the algebraic approach in tackling this problem [10] . In this article, we present a systematic development of the solution of this relativistic problem in the context of the Dirac equation using the same approach followed by Guo et al. However, we complement their solution by giving a complete one where the solution space splits into two distinct subspaces, one of which was obtained by the authors but not the other. The splitting depends on the sign of a fundamental parameter in the problem, which is a standard feature of the relativistic problem. For example, it is well-known that in relativistic problems with non zero angular momentum two regular solutions are obtained depending on the sign of κ, where 1, 2,... κ = ± ± for ½ j = ± . However, the current problem is analytically solvable only for 0 = . Nonetheless, we do find that in this case as well the solution space splits depending, however, on the sign of another dimensionless physical parameter symbolized by ζ. The solution of the problem which was obtained in [11] is only for 0 ζ < (in Ref. 11, the parameter λ corresponds to ζ − ).
Furthermore, the partial analysis of the energy spectrum which was given there for 1 ζ = − will be extended here to all values of ζ. Interesting and unique properties of the spectrum will be pointed out and graphical representations will be given for several values of the physical parameters. The square integrable two-component spinor wavefunctions are written in terms of the Jacobi polynomials for all ζ. Taking the nonrelativistic limit reproduces the nonrelativistic spectrum and gives an s-wave Schrödinger equation with a "generalized" three-parameter Hulthén potential, which is the sum of the original Hulthén potential and its square.
The paper is organized as follows. In Sec. II, we set up the three dimensional Dirac equation for a spinor coupled in a non-minimal way to the four-potential where I is the 2×2 unit matrix and σ are the three 2×2 hermitian Pauli matrices. Now, we let the Dirac particle be coupled to a four-component potential 
where ψ is a four-component spinor. When written in details, this equation reads
Multiplying both sides by 
The wave equation reads ( ) 0
, where ε is the relativistic energy which is real and measured in units of 2 mc . It should be noted that in our chosen units ( = m = 1) the role of the fine structure constant is played by the Compton wavelength . The units ( = c = 1) where the fine structure constant is used as the relativistic parameter are suitable for the electromagnetic interaction. The units that we are adopting here, where the relativistic parameter is , are suitable for dealing with a larger class of problems.
Equation (2.2) 
It should be noted that this type of coupling does not support an interpretation of 0 ( , ) A A as the electromagnetic potential unless, of course, 0 = A (e.g., the Coulomb potential). Likewise, H does not have local gauge symmetry. That is, the associated wave equation is not invariant under the electromagnetic gauge transformation mentioned above.
We impose spherical symmetry and write
rW r , where r is the radial unit vector. V(r) and W(r) are real radial functions referred to as the even and odd components of the relativistic potential, respectively. In this case, the angular variables could be separated and we can write the spinor wavefunction as [12] [
where f and g are real radial square-integrable functions. The angular component of the spinor wave-function is written as
is the spherical harmonic function and m stands for the integers in the range , 1,..., j j j − − + and should not be confused with the mass. Spherical symmetry gives The unitary transformation together with the potential constraint map Eq. (2.11) into the following one, which we choose to write in terms of the even potential component 
Equation (2.12) gives the following equation for one spinor component in terms of the other
While, the resulting Schrödinger-like wave equation becomes ( )
In the nonrelativistic limit ( 0 → ), . Therefore, Eq. (2.14)
shows that φ + is the larger of the two relativistic spinor components (i.e., φ + is the component that survives the nonrelativistic limit, whereas ~0 φ φ − + → ). Consequently, if we favor the upper spinor component then our choice of sign in the transformation parameter constraint is the top + sign. That is, we choose sin( )
In all relativistic problems that have been successfully tackled so far by this approach [13] , Eq. (2.15) is solved by correspondence with well-known exactly solvable nonrelativistic problems. This correspondence results in a parameter map that relates the two problems. Now, if the nonrelativistic problem is exactly solvable, then using this parameter map and the known nonrelativistic energy spectrum one can easily obtain the relativistic spectrum. In fact, the relativistic extension of any known dynamical relationship in the nonrelativistic theory could easily be obtained by this correspondence map. The Green's function, which has prime significance in the calculation of relativistic processes, is such an example [14] . Moreover, the spinor wavefunction is also obtained from the nonrelativistic wavefunction using the same parameter map. In the following section this approach will be used in finding the solution of the Dirac equation with V(r) taken as the Hulthén potential.
An alternative, but equivalent, approach to the one give above is to postulate the one-parameter two-component equation (2.12) as the relativistic wave equation and show that in the nonrelativistic limit ( 0 → ) the nonrelativistic problem is recovered.
However, in this case, one cannot claim that the relativistic problem is a unique extension of the nonrelativistic one.
III. THE DIRAC-HULTHÉN PROBLEM
For this problem we take ( ) for s-wave ( 0 = ) by Guo et al. using the same approach presented above [11] . Equation formulas of the Jacobi polynomial [15] , and ( 1) The upper radial spinor component is obtained by substituting the parameters of (3.6) into the wavefunction (3.2) giving 
The lower component of the spinor wavefunction is obtained by substituting this in the "kinetic balance" relation (2.14) which, in the x-coordinate, reads as follows ( )
where ε ρ τ ≠ − . Using the following recursion relations and differential formula satisfied by the Jacobi polynomials [15] , ( ) ( , ) ( , 1 Figure 1 shows the relativistic energy spectrum for a given set of physical parameters and for several values of the dimensionless parameter ζ.
For large values of the potential strength A, the energy spectrum bends upward becoming less symmetric as illustrated in Fig. 2 . By studying Eq. (3.7), one can easily show that in the nonrelativistic limit ( 0 → ) the following energy spectrum is obtained . It is evident that the spectrum becomes less symmetric bending upward. Moreover, for this case max 8, 9,11 n = , respectively. 
